Supplementary Material 1: (Derivation of k eff in Eq. 4 for the inhomogeneous beam)
Initially we assume same thicknesses of high and low density bands:
where a H/L are the thicknesses of the high/low density bands, respectively, and a 0 is the average thickness of a density band. The numbers of springs are also different in different density bands:
where n H/L are the numbers of springs in high/low density bands, respectively, and p ≥1 (p = 1 represents a homogeneous beam). The total number of density bands along the beam is N = N H + N L , where N H/L represents the number of high/low density bands along the beam, respectively, and N H = jN L , where j > 0. So we are effectively entering different thicknesses of the bands, as several high (or low) density bands in a row. Therefore, we can write the effective spring constant of the beam as the sum of all density bands in a series configuration along the beam,
and as obtained in the main paper, k
So k eff becomes
To emphasize on the value of p ≥1, we can rewrite Eq. SP5 as shown in Eq. 4 in the main paper
Supplementary Material 2: (Derivation of Y in Eq. 5 for the inhomogeneous beam)
The Young's modulus is related to the length, L, and the cross-section area, A, of the beam as
where L = Na 0 , and A = r 2 , where r is the cross-section radius of the beam. After substituting Eq. SP5 into Eq. SP7 we get
where N = (j+1)N L , so we get
Again, to emphasize on the condition of p ≥1, we have rewritten Eq. SP9 in the form of Eq. 5 in the main paper
Supplementary Material 3: (Derivation of k b in Eq. 7 for the inhomogeneous beam)
The bending stiffness is related to the Young's modulus of the beam as
where I is the geometric moment of the beam with a circular cross-section of radius r and is 
We substitute Y from Eq. SP9 and I from Eq. SP12 into Eq. SP11, and obtain the following relation for the bending stiffness of the beam
Similar to the other equations, to emphasize on the condition of p ≥1, we rewrite Eq. SP13 in the form of Eq. 7 given in the main paper 
